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Nearly 150 years ago, Lord Kelvin proposed the isotropic helicoid with isotropic yet chiral interac-
tions with a fluid so that translation couples to rotation. A 3D-printed implementation of his design
is found experimentally to have no detectable translation-rotation coupling, although the particle
point-group symmetry allows this coupling. These results are explained by demonstrating that in
Stokes flow, the chiral coupling of such isotropic helicoids made out of non-chiral vanes is due only to
hydrodynamic interactions between these vanes and therefore is small. Kelvin’s predicted isotropic
helicoid exists, but only as a weak breaking of a symmetry of non-interacting vanes in Stokes flow.
In his analysis of the forces and torques on a rigid
body moving in an incompressible inviscid fluid [1], Lord
Kelvin commented on a particular shape, the isotropic
helicoid, which experiences the same translational resis-
tance in a homogeneous fluid flow at any orientation, just
like a sphere. But unlike a sphere, the isotropic helicoid
is subject to a torque as it moves through the fluid. To
maintain isotropy, this torque must be independent of the
particle orientation relative to the flow. This may seem
surprising if one takes isotropy to mean continuous ro-
tational symmetry which implies mirror symmetry and
therefore precludes helicity. However Kelvinsuggested
how to make a helical particle with discrete rotational
symmetry and isotropic drag by placing 12 vanes around
the great circles of a sphere [1]. An implementation fol-
lowing his prescription is shown in Fig. 1(a).
Since Kelvin’s analysis of isotropic helicoids in the in-
vicid limit, textbooks by Happel & Brenner [2] and Kim
& Karrila [3] have discussed isotropic helicoids in vis-
cous flows and have concluded that the coupling per-
sists in the creeping-flow limit. Their argument is es-
sentially that the point-group symmetry of the isotropic
helicoid allows for such a coupling. Therefore it is ex-
pected to be non-zero in general, if there is no other
symmetry that forbids this coupling. Recently, chiral
interactions in turbulent fluids has been an area of ac-
tive research [4, 5]. Perturbation theory and numerical
simulations have been used to study isotropic helicoids
with particle inertia whose translation-rotation coupling
causes them to preferentially sample helical regions in
chaotic mixing flows [6] and in turbulence [7]. Quantifi-
cation of chirality is subtle [8, 9], and translation-rotation
coupling of chiral objects has recently been an important
test case for proposed measures of chirality [9, 10]. Cou-
pling of translation of chiral particles to rotation and
strain is a promising method for hydrodynamic sorting
of particles by chirality [11–14].
The elegant theoretical idea of a helical yet isotropic
particle has been in the literature for nearly 150 years,
cited as an example illustrating the power of symme-
try analysis – but there are no published experimen-
tal measurements of isotropic helicoids. So we created
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FIG. 1. (a) Model used to 3D-print the left-handed isotropic
helicoid. (b) Anisotropic helicoid oriented with the equa-
torial vanes reflected. (c) Experimental measurements of
the particle orientation around its sedimentation axis as a
function of time. Isotropic helicoid (red  with best fit
ω = dα/dt = −0.003 rad/s), anisotropic helicoid with ini-
tial orientation as in panel b (blue ♦, ω = −0.258 rad/s), and
with reflected vanes on a meridian (black ?, ω = 0.135 rad/s).
some isotropic helicoids using 3D printing and measured
their translation-rotation coupling while settling through
a quiescent fluid. Surprisingly, our experiments do not
show evidence for translation-rotation coupling for the
isotropic helicoids we tried, although our particles had
the same discrete symmetries as Lord Kelvin’s sugges-
tion.
There are at least two possible ways in which this ap-
parent contradiction may be resolved. First, the prob-
lem of a rigid body settling in a fluid may have another
symmetry that causes the coupling to vanish despite be-
ing allowed by the point-group symmetry of the particle
geometry. Second, the rotation-translation coupling for
these particles may be non-zero, but simply too weak to
reliably detect in the experiment.
We explain the experimental results in terms of a
symmetry that causes the rotation-translation coupling
of isotropic helicoids made from non-interacting vanes
to vanish. Analysis with hydrodynamic interactions
shows that they break this symmetry and allow non-zero
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2rotation-translation coupling. We verify our theoretical
results by numerical calculations for an isotropic helicoid
consisting of hydrodynamically interacting spheres linked
by massless rigid rods, using the method of Durlofsky et
al. [15]. The numerics confirm that this isotropic par-
ticle exhibits a small but non-zero rotation-translation
coupling in the creeping-flow limit, consistent with the
symmetry analysis, but the effect is too small to be seen
by our current generation of experiments.
In the creeping-flow limit, the hydrodynamic force f
and torque τ on an arbitrarily shaped particle in a uni-
form velocity gradient has a linear dependence upon the
slip velocity, the angular slip velocity, and on the local
strain rate [2, 3]:[
f
τ
]
= µ
[
A BT G
B C H
]u∞ − vΩ∞ − ω
S∞
 . (1)
Here µ is the dynamic viscosity of the fluid, v and ω are
the velocity and the angular velocity of the particle, u∞
and Ω∞ are the undisturbed fluid velocity and half the
undisturbed fluid vorticity at the position of the particle,
and S∞ is the strain rate tensor, the symmetric part of
the matrix of velocity gradients of the undisturbed fluid.
A is the drag tensor, B is the translation-rotation cou-
pling tensor, C is the rotational drag tensor, and G and
H are third-rank tensors that couple force and torque to
the strain rate. They produce effects such as Jeffery or-
bits [16, 17], rectification of rotations of chiral dipoles [5],
and separation of particles according to chirality [11–14].
Here we consider a particle settling steadily in a quies-
cent fluid, so that u∞ = 0,Ω∞ = 0, and S∞ = 0. In the
context of Eq. (1) the question is whether or not Lord
Kelvin’s particle has non-zero B.
We fabricated Lord Kelvin’s isotropic helicoid
[Fig. 1(a)] using a Form 2 stereolithography 3D printer.
For vanes, we used segments of spheroidal disks with di-
ameter 8.7 mm and aspect ratio 0.2. As proposed by Lord
Kelvin, the centers of the disks are equally spaced around
the three great circles of a solid sphere with 45◦ inclina-
tion angle in the direction to create a left-handed particle
using the convention in [6]. The diameter of the sphere
is d = 17.4 mm. When dropped in silicon oil with kine-
matic viscosity ν = 5 cm2/s and density %f = 0.98 g/cm
3,
the particle settles at velocity vs = 4.74 cm/s. This cor-
responds to Reynolds number Re = dvs/ν = 1.65.
Figure 1(c) shows the orientation defined as the angle
of the particle around the sedimentation axis as it settles
approximately 20 cm through the chamber. Here positive
α is the rotation direction favored by a left-handed pro-
peller which is clockwise when viewed from above. The
red squares show essentially no change in orientation for
the isotropic helicoid with a best fit angular velocity of
ω = −0.003 rad/s. For comparison, we also printed the
anisotropic helicoid shown in Fig. 1(b) with the same di-
mensions but with the four vanes along one of the great
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FIG. 2. Illustration of the point-group symmetries of dif-
ferent isotropic helicoids. (a,b) Chiral octahedral symmetry
O, four C3 rotation axes, three C4 axes, and six C2 axes.
(c,d) Chiral tetrahedral symmetry T, four C3 rotation axes,
and three C2 axes (the cubes were drawn after Table 7.2 in
Ref. [18]).
circles reflected to form a right-handed propeller. Sep-
arate experiments were performed with the particle ori-
ented along the principal axes of B. When the right-
handed great circle is on the equator so that its normal
points in the direction of gravity, the particle rotation is
shown in blue diamonds. When the right-handed great
circle is on a meridian, particle orientation is shown in
black triangles. In both cases the sedimentation velocity
is within 1% of that of the isotropic helicoid. Interest-
ingly, the right-handed rotation rate of the anisotropic
helicoid is almost exactly twice the two orthogonal left-
handed rotation rates, so for randomly oriented particles
the total particle helicity would be nearly zero. Exper-
imentally we find that the rotation rate of the isotropic
helicoid is near zero, only 1.1% of the maximum rota-
tion rate of the anisotropic helicoid. The isotropic heli-
coid rotation rate is twice the random uncertainty in the
measurement, but there are systematic uncertainties as-
sociated with fabrication defects that cause the particle
to rotate around other axes at rates similar to the mea-
sured rotation. We conclude it is a null detection with
approximately 1% uncertainty.
We tried other versions of isotropic helicoids, but none
of them exhibited translation-rotation coupling within
measurement error. Four helices extending along tetrahe-
dral angles showed very little rotation but suffered from
fabrication imperfections. An isotropic helicoid of six
model-airplane propellers in a cubic configuration was
used to explore rotation-translation coupling in the high
Reynolds-number regime. The four-bladed propellers
formed a cube with sides 18 cm which when dropped in
air over a distance of 5.5 m reached a Reynolds number
3of more than 105, but no significant reproducible rotation
was observed. One of the same propellers dropped with
the blades in the horizontal plane rotated at 46 rad/s
after falling the the same distance in 2.5 seconds.
Our experiments showed no measurable translation-
rotation coupling, yet symmetry analysis [2, 3, 19] allows
this coupling. Fig. 2 illustrates the point-group symme-
tries of different isotropic helicoids. Kelvin’s isotropic
helicoid places oblique vanes on the 12 edges of an octa-
hedron and has chiral octahedral symmetry, point group
O [Fig. 2(a)]. The helicoid we fabricated with six four-
armed propellers on the faces of a cube also has this sym-
metry [Fig. 2(b]). Panels (c) and (d) illustrate isotropic
helicoids with chiral tetrahedral symmetry, point-group
T. Either point group, O or T, constrains A and C to
be proportional to the unit matrix. Since the groups
O and T contain rotations only, and no mirror symme-
tries [20, 21], the tensor B is constrained in the same way
as A and C and must be proportional to the unit matrix.
We conclude that the point-group symmetry of these par-
ticles ensures isotropy and allows chiral coupling.
One might argue that the coupling constant could van-
ish for Lord Kelvin’s particle because the vanes around
the equator contribute strongly to the expected helical
coupling, yet the remaining eight vanes create a torque
in the opposite sense, potentially cancelling the coupling.
This opposite torque may be familiar to anyone who has
observed a propeller move through fluid perpendicular
to its usual motion, rotating with helicity opposite to
the one usually considered [9].
In fact, an isotropic helicoid made out of non-
interacting non-chiral vanes has zero translation-rotation
coupling B: the translation theorem [2, 3] allows us to
relate the tensor B for a helicoid made out of M non-
interacting vanes to the resistance tensors of its vanes,
A(v) and B(v):
B =
M∑
m=1
(
OmB(v)OTm + rm ∧OmA(v)OTm
)
. (2)
Here Om is the rotation matrix that rotates from the
eigenframe of the isotropic helicoid to that of vane m,
rm is the translation vector from the origin of the parti-
cle to the centre of the vane, and the matrix v ∧W has
elements εijkvjWk`, summation over repeated indices im-
plied. Now a non-chiral vane has B(v) = 0 because of mir-
ror symmetry, and the translational resistance tensor is
always symmetric [2], [A(v)]T = A(v). Using the antisym-
metry of the vector product in the second term on the
rhs of (2) it follows that TrB = 0 [22]. Since B must be
proportional to the unit matrix for an isotropic helicoid,
it follows that B is identically zero. A similar result for
the rotational coupling of filaments due to collisional mo-
mentum transfer is derived in Ref. [10]. A consequence
is that any helicoid made from non-interacting non-chiral
vanes must have zero mean rotation when averaged over
all orientations as observed in the experiments.
However, the vanes in a helicoid have hydrodynamic
interactions between them. We now show that these in-
teractions produce non-zero chiral coupling as allowed
by symmetry, but that the coupling is quite small be-
cause the contribution from independent vanes vanishes.
To obtain the leading-order hydrodynamic corrections we
determine how a given vane n is affected by the distur-
bance flow created by the other vanes, assuming that the
latter are independent. This corresponds to the first-
order terms obtained in the method of reflections [3]. In
this approximation we find (details in the supplementary
material (SM) [23]) that the drag tensor of vane n ac-
quires the correction
δA(v)n =− 18piµ
∑
n′ 6=n
OnA(v)OTnJ(xn−xn′)On′A(v)OTn′ , (3)
where J is the Green tensor of the Stokes equation. From
the translation theorem (2) we deduce
B =
M∑
m=1
rm ∧ δA(v)m . (4)
Unlike A(v), the correction δA(v)m is not symmetric in gen-
eral, and then TrB 6= 0. One might expect that the trace
of B tends to zero as the size of the particle tends to
infinity (keeping the vanes unchanged), because hydro-
dynamic interactions in the creeping-flow limit are neg-
ligible between distant objects. However this argument
fails for the translation-rotation coupling. It is true that
hydrodynamic interactions decay as |δA(v)m | ∼ |rm|−1, be-
cause J decays in this way. But this decay is cancelled by
the magnitude of rm in the vector product in Eq. (4), so
that TrB tends to a constant as |rm| → ∞. This means
that hydrodynamic interactions between the vanes of an
isotropic helicoid are not negligible, even if the vanes are
very far apart from each other. An explicit calculation
for an example is given in the SM [23]. We mention that
at non-zero Re, the Stokes solution breaks down at large
distances, resulting in additional corrections to TrB.
To test the theory in Eqs. (3) and (4) we computed
higher-order hydrodynamic corrections using the method
of Durlofsky et al. [15], a variation of the method of
reflections [3]. We considered an isotropic helicoid made
out of 24 spheres of radius a linked by massless rigid rods
[Fig. 3(a)], with the same point-group symmetry as the
particle in Fig. 1(a). Each vane is modelled as a dumbbell
(length b = 5a) consisting of two spheres. Each dumbbell
is tangential to the surface of an imaginary sphere of
radius c (the radius of the isotropic helicoid), and inclined
at 45◦, just like the vanes in Fig. 1(a). Details of the
method are described in the SM [23].
Fig. 3(b) shows our numerical results for the magni-
tude of the translation-rotation coupling as a function of
particle size, c. We see that the numerical results ap-
proach the theory [Eqs. (3) and (4)] at large values of
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FIG. 3. Theory. (a) Schematic of isotropic helicoid made
out of 24 spheres (radius a) arranged into twelve dumbbells.
Each dumbbell (distance b = 5a between centres of spheres)
represents a vane of the particle shown in Fig. 1(a). The
dumbbells are assumed to be rigidly connected to each other.
Three dashed great circles (radius c) are guides to the eye.
(b) Trace TrB of the translation-rotation coupling matrix for
the isotropic helicoid from panel a, as a function of particle
size c/a. Numerical result (solid line), Eq. (4) (dashed line).
c. This is expected, because the contribution of the first
reflection must dominate when the vanes are far apart.
The convergence is very slow however, the difference be-
tween numerical results and lowest-order theory scales as
c−1 (not shown).
To compare with the experiments, we computed the
steady-state angular velocity for the isotropic helicoid in
Fig. 4(a). It is similar to the one in Fig. 3(a) except that
we included a large sphere (radius c − 2a) to model the
spherical body of the experimental particle. The steady-
state angular velocity isrelated to the steady-state set-
tling velocity by
ω = −C−1Bv , (5)
where v = vggˆ is the settling velocity of the particle, and
gˆ is the direction of gravity.
We also evaluated the angular velocity of an
anisotropic helicoid similar to Fig. 4(a) but with the
equatorial dumbbells flipped, as in the experiment. Fig-
ure 4(b) shows how the ratio of the angular velocities,
isotropic to anisotropic, depends upon particle size. We
see that the ratio of isotropic to anisotropic angular ve-
locities is smaller in magnitude than 5× 10−3. The ratio
is negative, unlike the experiment which yielded a very
small, positive ratio. This is not a contradiction, since
we concluded above that this effect is below the experi-
mental resolution. Also, we found that the sense of rota-
tion of the isotropic helicoids depend sensitively on the
precise nature of the hydrodynamic interactions. The he-
licoid shown in Fig. 3(a), for example, has the opposite
sense ofrotation than the particle from Fig. 4(a), and its
translation-rotation coupling is even smaller.
The angular velocity of our isotropic helicoid is not
quite zero when averaged over initial orientations be-
cause of hydrodynamic interactions. From Eq. (5) we
find 〈ωg/vg〉 = −TrC−1B ∝ TrB to leading order, and
Eq. (4) shows that TrB is not zero. Our numerical calcu-
lations show that similarly 〈ωg〉 6= 0. It could be of inter-
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FIG. 4. (a) Schematic plot of an isotropic helicoid made from
25 spheres, as in Fig. 3(a), but with a large sphere (radius
c−2a) at the centre. (b) Ratio of the isotropic and anisotropic
angular velocities (see text), as a function of particle size c/a.
est to explore whether there is an effect analogous to hy-
drodynamic interactions for the chiral filaments rotating
due to momentum transfer from particle collisions [10]. A
given segment could shield other filament segments from
collisions, or give rise to multiple collisions.
In conclusion, we measured the dynamics of an
isotropic helicoid suggested by Lord Kelvin 150 years
ago as it settles in a viscous fluid. Although symmetry
analysis indicates that the particle should start to rotate
as it settles, we did not detect any translation-rotation
coupling in our experiments. This raises the question
whether Lord Kelvin’s original argument is flawed. Ana-
lytic calculation of the rotation-translation coupling ten-
sor for non-interacting, non-chiral vanes shows that the
coupling is exactly zero. But taking into account hy-
drodynamic interactions between vanes reveals non-zero
translation-rotation coupling. This coupling is quite
weak in general, because it is due to hydrodynamic inter-
actions between the vanes of the isotropic helicoid. The
predicted coupling is too weak to be detected in our cur-
rent generation of experiments.
The possibility of chiral coupling without anisotropy
provides an intriguing way to deviate from simple spher-
ical systems, independent from, and in some ways sim-
pler than the much studied case of spheroids. Our dis-
covery of the small size of the chiral coupling helps ex-
plain why 150 years after Kelvin first introduced the con-
cept, there are no published measurements of isotropic
helicoids. Designing helicoids with optimal chiral cou-
pling provides a challenging focus for future work since
it requires designing to control hydrodynamic interac-
tion. An important question is how fluid inertia affects
the translation-rotation coupling. Our experiments are
at Reynolds numbers order 1 and 105 while our theory
and computations are in the creeping-flow limit.
Our results are in keeping with a general rule pertain-
ing to symmetry arguments, seen also in quantum me-
chanics [24]: If a symmetry allows a matrix element to
be non-zero, then it does not vanish unless constrained
by some other symmetry. Cases where weak symmetry
breaking creates almost zero matrix elements provided
deep insights in quantum physics, and we suggest that
5future work to quantify and optimize isotropic helicoids
may also be fruitful.
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TETRAHEDRAL SYMMETRY
We want to deduce the translation-rotation coupling matrix B for a tetrahedral isotropic helicoid [Fig. 2(a) in the
main text] from its point-group symmetries. The point-group symmetries of a tetrahedron are summarised in many
textbooks, see for example Refs. [1, 2]. The procedure is described in Refs. [3–5]. One assumes that the particle is at
rest, v = 0 and ω = 0. Now one determines how the hydrodynamic force and torque transform under an orthogonal
transformation R corresponding to one of the symmetry operations. If the orientation of the particle relative to the
flow remains invariant, the hydrodynamic force becomes simply Rf . Since the torque is multiplied by −1 under
a reflection, it transforms as det[R]Rτ , provided that the orientation of the particle relative to the flow remains
unchanged. Inserting this into Eq. (1) in the main text, and using the orthogonality of R one finds that the resistance
tensors must satisfy the constraints
A = RART , B = det[R]RBRT , and C = RCRT . (1)
A standard way [6] of parametrizing the corners of the tetrahedral particle shown in Fig. 2(c) in the main text is in
terms of the median vectors c1 = [1, 1, 1], c2 = [−1,−1, 1], c3 = [−1, 1,−1], and c4 = [1,−1,−1] in the Cartesian basis
xˆ, yˆ, and zˆ. The particle has chiral tetrahedral point-group symmetry [1, 2]. The symmetry group has 12 elements.
Apart from the identity, the group elements are:
1. The pi-rotations around the three bimedians 12 [c1+c4−(c2+c3)], 12 [c1+c3−(c2+c4)], and 12 [c1+c2−(c3+c4)]
(proportional to the three Cartesian coordinate axes).
2. Four clockwise rotations around cj by
2
3pi.
3. Four counter-clockwise rotations around cj (by − 23pi).
Since the particle in Fig. 2(c) in the main text does not have any mirror symmetries, det[R] = 1 for all symmetry
operations in Equation (1), so that the symmetries constrain A, B and C in the same way. Therefore we expect that
the translation-rotation coupling B is constrained to be a multiple of the unit matrix. So in general this coupling is
expected to be non-zero, as concluded in Refs. [3, 4].
To check this by an explicit calculation, consider first how the pi-rotations (1) around the Cartesian coordinate axes
constrain the elements of the resistance tensors C and B. The corresponding rotation matrices are
R1 =
1 0 00 −1 0
0 0 −1
 , R2 =
−1 0 00 1 0
0 0 −1
 , and R3 =
−1 0 00 −1 0
0 0 1
 . (2)
Inserting these into Equation (1) we find that the tensors must be diagonal in the body-fixed basis:
A =
A11 0 00 A22 0
0 0 A33
 , C =
C11 0 00 C22 0
0 0 C33
 , and B =
B11 0 00 B22 0
0 0 B33
 . (3)
Now consider how the symmetries (2) constrain the tensors. The four rotation matrices (angle 23pi) are
Rc1 =
0 0 11 0 0
0 1 0
 , Rc2 =
0 0 −11 0 0
0 −1 0
 , Rc3 =
 0 0 1−1 0 0
0 −1 0
 , and Rc4 =
 0 0 −1−1 0 0
0 1 0
 . (4)
Inserting these into Equation (1) and using that the tensors A, B and C are diagonal [Equation (3)], we find that any
of the symmetries Rcj gives that A11 = A22 = A33 ≡ A, B11 = B22 = B33 ≡ B, and C11 = C22 = C33 ≡ C. Applying
the remaining symmetries does not constrain the elements further.
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2If the faces of the tetrahedron are non-chiral (they do not have propellers), the particle has a higher symmetry,
including in addition 12 mirror symmetries. The corresponding symmetry group is the tetrahedral group. Consider
for instance a reflection in the plane spanned by c3 and c4. Take eˆ to be the unit vector eˆ = c3 ∧ c4/|c3 ∧ c4|, so that
eˆ = 1√
2
11
0
 . (5)
Then the reflection matrix is given by Reˆ = I− 2 eˆeˆT,
Reˆ =
 0 −1 0−1 0 0
0 0 1
 . (6)
Inserting this matrix into Equation (1) and using that B and C are diagonal [Equation (3)], we find that B33 = 0, but
C33 is not constrained. The other reflection matrices correspond to other ways of distributing −1 and 1 in distinct
rows and columns, different from Equations (2) and (4). These other mirror symmetries constrain B = 0, whereas C
is not constrained further, apart from that it must be proportional to the identity. In summary, without propellers
we have (in the body-fixed basis)
A =
A 0 00 A 0
0 0 A
 , C =
C 0 00 C 0
0 0 C
 , and B = 0 . (7)
METHOD FOR CALCULATING HYDRODYNAMIC INTERACTIONS
We take into account hydrodynamic interactions using the method of Durlofsky et al. [7]. They developed it to
determine the evolution of an assembly of free spheres interacting with each other through hydrodynamic interactions.
In this appendix we briefly summarise their method. We do not take into account lubrication effects.
Consider a single sphere of radius as, at position xs, moving with velocity vs in an ambient flow u
∞. The
disturbance flow produced by this sphere can be determined using the method of singularities, by superimposing a
set of singularities built from the Green tensor of the Stokes equations and its spatial derivatives.
Durlofsky et al. approximate the disturbance flow produced by a sphere using a stokeslet, a rotlet, and a stresslet,
plus correction terms that take into account the finite size of the sphere. This means that the solution is approximate,
but it is accurate enough for our purposes. The disturbance flow due to sphere s reads:
u′s(x) =
1
8piµ
[(
1 + as6 ∇2
)
Jfs + Rτs +
(
1 + as10∇2
)
K : Ss
]
, (8)
where
[J]ij =
δij
r
+
rirj
r3
, [R]ij =
1
2
εijk
rk
r3
, [K]ijk =
1
2
(∂k[J]ij + ∂j [J]ik) , and ri = [x− xs]i . (9)
Further, fs, τs and Ss are the force, torque, and the stresslet exerted by sphere s upon the fluid. At this stage they
are unknown. We mention that ∇2[R]ij evaluates to zero, given the expression for the components of R in Eq. (9).
Now consider the disturbance flow u′s at the centre xs of sphere s that is produced by all other spheres (except
sphere s). This disturbance is obtained by summing Eq. (8) over s′ 6= s:
u′s =
1
8piµ
N∑
s′ 6=s
[(
1 + as′6 ∇2
)
J(xs − xs′)fs′ + R(xs − xs′)τs′ +
(
1 + as′10 ∇2
)
K(xs − xs′) : Ss′
]
. (10)
Now force, torque, and stresslet acting upon a sphere moving in a flow can be calculated using the reciprocal theorem
[8]. Expanding the disturbance velocity u′s around the centre of sphere s in order to evaluate the integrals in the
3reciprocal theorem yields the so-called Faxe`n formulae:
vs − u∞ = fs
6piµas
+
(
1 +
as
6
∇2
)
u′s , (11a)
ωs −Ω∞ = τs
8piµa3s
+
1
2
∇ ∧ u′s , (11b)
−S∞ = − Ss20
3 piµa
3
s
+
1
2
(
1 +
as
10
∇2
) [∇⊗ u′s + (∇⊗ u′s)T] , (11c)
where S∞ is the symmetric part of the velocity gradient of u∞, Ω∞ = (1/2)∇ ∧ u∞, and vs and ωs are translation
and angular velocity of sphere s. Eqs. (11), for s = 1 . . . N constitute a set of linear equations that can be solved
for fs, τs, and Ss. Durlofsky et al. [7] explain that the error of the solution scales as O
(
(a` )
6
)
, where ` is minimal
distance between two spheres. This method is quite general. It can be applied to any assembly of free spheres. In
our problem the spheres are assumed to be parts of a rigid composite particle. This simply means that all spheres are
constrained to move with translation velocity vs = v + ω ∧ rs, and angular velocity ωs = ω, where v and ω are the
centre-of-mass and angular velocity of the composite particle, and rs parameterizes the location of sphere s w.r.t. the
centre of mass of the composite particle. To compute the elements of the force f we impose ω = 0, and v = [1, 0, 0],
v = [0, 1, 0], v = [0, 0, 1]. To compute the torque τ we impose v = 0 and ω = [1, 0, 0], ω = [0, 1, 0], ω = [0, 0, 1].
The elements of the coupling tensor are then obtained from Eq. (1) in the main text. In this way we computed the
numerical results shown in Figs. 3 and 4 in the main text.
SYMMETRY BREAKING DUE TO HYDRODYNAMIC INTERACTIONS
In this appendix we show that the translation-rotation coupling tensor B of an isotropic helicoid made out of M
vanes has non-zero trace, in general, even if the individual vanes are non-chiral, so that their translation-rotation
tensor vanishes: B(v) = 0. This is a consequence of hydrodynamic interactions between the vanes.
When a single vane moves in a fluid at rest with a given velocity vv it produces the disturbance flow
u′v =
1
8piµ
Jfv + O
( 1
r2
)
with fv = A(v)vv . (12)
Here (1/8piµ)J is the Green-tensor of the Stokes equation.Consider a propeller made out of N non-chiral vanes. For
a non-chiral vane, B(v) = 0. When the propeller moves with a given translational velocity, each vane moves in the
disturbance flow produced by the other vanes. Considering only one reflection in the reflection method, the force that
vane n exerts upon the fluid may be written in the form
fv,n = A(v)n
(
I− 1
8piµ
N∑
n′ 6=n
J(xn − xn′)A(v)n′
)
vv + O
( 1
min(|xn − xn′ |)2
)
, (13)
where I is the identity tensor, and A(v)n ≡ OnA(v)OTn. Eq. (1) in the main text shows that the drag tensor of vane n
in the presence of the other vanes is given by A(v)n + δA(v)n with
δA(v)n = −
1
8piµ
N∑
n′ 6=n
A(v)n J(xn − xn′)A(v)n′ . (14)
At leading order, drag and translation-rotation coupling tensor of the isotropic helicoid read
A =
M∑
m=1
A(v)m + δA(v)m and B =
M∑
m=1
rm ∧ (A(v)m + δA(v)m ) . (15)
The drag tensor A must be symmetric. This is the case because both A(v)m and
∑M
m=1 δA
(v)
m are symmetric. The
individual δA(v)m , however, need not be symmetric. As a consequence we find that
TrB = Tr
( M∑
m=1
rm ∧ δA(v)m
)
(16)
4is not zero in general, as we wanted to show.
To illustrate the effect of hydrodynamic interactions consider a concrete example, a propeller made out of two
identical axisymmetric vanes. In the body-fixed basis (nˆ, tˆ, bˆ), the drag tensor of a non-chiral vane reads
[A(v)]ij = µ [(A1 +A2)ninj +A1(δij − ninj)] , (17)
where the constants A1 and A2 parametrise the tensor. The centres of the vanes are located at r1 = cxˆ and r2 = −cxˆ
in the lab frame, and they are oriented in such a way that their symmetry axes are orthogonal to xˆ. We set tˆ1 = xˆ
and tˆ2 = −xˆ, and we rotate each vane around its own vector tˆ by an angle φ, with rotation matrices
O1 =
 0 1 0cosφ 0 sinφ
sinφ 0 − cosφ
 and O2 =
 0 −1 0− cosφ 0 − sinφ
sinφ 0 − cosφ
 . (18)
Furthermore from Eq. (9)
1
8piµ
J(r2 − r1) = 1
8piµ
J(r1 − r2) = 1
8piµ
1
2c
2 0 00 1 0
0 0 1
 . (19)
Using Eq. (16) we find for the trace of the translation-rotation coupling tensor
TrB(p) = − 1
8piµ
Tr
(
cxˆ ∧O1A(v)OT1 JO2A(v)OT2 − cxˆ ∧O2A(v)OT2 JO1A(v)OT1
)
. (20)
Since the factors of c in this expression cancel out, the trace of B(p) is independent of c at leading order. This means
that the translation-rotation coupling tensor must tend to a constant in the limit of c→∞:
lim
c→∞TrB
(p) =
(A2)2 sin 4φ
16pi
+ O
(
1
c
)
. (21)
In order to check this result, we computed the translation-rotation coupling tensor for a propeller made out of two
dumbbells using the method described in Section of this supplemental material. The spheres have radius a, and the
distance b between the spheres that make up the dumbbells is taken to be 5a. For this configuration, we find the
numerical result A1 = 32.7024a and A2 = −3.4085a for a single dumbbell. Fig. 1 shows numerical results for TrB(p)
as a function of c for φ = pi/3. We see that the numerical results (solid line) approach the theoretical expecation,
Eq. (21), which evaluates to TrB(p) = −0.2002a2 for φ = pi/3. We add the caveat that the above considerations
apply to the Stokes limit. If the Reynolds number is non-zero, the Stokes approximation would fail at large distances,
requiring a more elaboration calculation [9].
CALCULATION OF THE STEADY ANGULAR VELOCITY
In the creeping-flow limit, force and torque on a particle settling in a quiescent fluid are determined by Eq. (1) in
the main text: [
f
τ
]
= −µ
[
A BT
B C
] [
v
ω
]
+ (mp −mf)
[
g
0
]
. (22)
To obtain the steady-state angular velocity we set force and torque to zero. The resistance tensor can be inverted
using standard formulae [10] for the inversion of block matrices:
ω = −C−1Bv with settling velocity v = (mp −mf)µ−1(A− BTC−1B)−1g . (23)
Writing the settling velocity as v = vggˆ we find for ωg = ω · gˆ
ωg/vg = −gˆTC−1Bgˆ (24)
For an isotropic helicoid the right-hand side evaluates to B/C (using that B = BI and C = CI). In this case the
component of ω along g has the opposite sign than the trace of the rotation-translation coupling, TrB.
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FIG. 1: Numerical result for trace of B(p) of a two-armed propeller made out of two dumbbells, as a function of the half-
distance between the dumbbells, c, normalized by b (a equals unity), solid line. Dashed-line shows the theoretical large-c limit,
Eq. (21).
Now consider an anisotropic helicoid, obtained by flipping one of the propellers. Let us average over the initial
orientation of the particle. This gives
〈ωg/vg〉 = ωx/vx + ωy/vy + ωz/vz = ω‖/v‖ + 2ω⊥/v⊥ = −TrC−1B . (25)
To lowest order in the hydrodynamic interactions, C ∼ CI with C > 0, so that the sign of the average is opposite to
the sign of TrB of the anisotropic particle.
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